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Abstract. The origin of the ultrahigh energy cosmic ray remains being a mystery. However,
a considerable progress has been made in the past few years due to the good quality data
recorded by current cosmic ray observatories. One of the recent achievements is obtaining firm
observational evidence about the extragalactic origin of the most energetic cosmic rays by the
Pierre Auger observatory. On the other hand, it is believed that there is a non-null turbulent
magnetic field that fills the intergalactic medium. Therefore, the presence of the intergalactic
magnetic field can play an important role on the propagation of the ultrahigh energy cosmic
rays through the Universe, which in principle can be relevant to interpret the experimental
data. In this work we present a system of partial differential equations that describes the
propagation of the ultrahigh energy cosmic rays through the Universe, in the presence of a
turbulent intergalactic magnetic field, that includes the diffusive and the ballistic regime of
propagation and also the transition between them. Also, as an example of application, the
system of equations is solved numerically in a simplified physical situation.
1Corresponding author.
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1 Introduction
Despite the significant progress made in recent years, especially in the field of experimental
research, the origin and nature of the ultrahigh energy cosmic rays (UHECRs, E ≥ 1018 eV)
are still unknown. The Pierre Auger Observatory, located in the southern hemisphere, and
Telescope Array, located in the northern hemisphere, are currently taking data of very good
quality. Also the current statistics is quiet large, specially the one corresponding to Auger
which at present has accumulated a very large exposure.
The UHECR flux has been measured with unprecedented statistics by Auger and Tele-
scope Array. It presents two main features, a hardening at ∼ 1018.7 eV, known as the ankle
and a suppression. This suppression is observed by Auger at 10(19.62±0.02) eV and by Tele-
scope Array at a larger energy, 10(19.78±0.06) eV [1]. Also, the Auger spectrum takes smaller
values than the ones corresponding to Telescope Array. The discrepancies between the two
observations can be diminished by shifting the energy scales of both experiments within their
systematic uncertainties. However, some differences are still present in the suppression region
[1].
It has long been believed that the most energetic part of the UHECR flux is of extra-
galactic origin. This is due to the known inefficiencies of the galactic sources to accelerate
particles at the highest energies. Moreover, very recently Auger has found strong observa-
tional evidence about the extragalactic origin of the cosmic rays with primary energies above
∼ 1018.9 eV from the study of the distribution of their arrival directions. Considering this
data set an anisotropy that can be described as a dipole of ∼ 6.5% amplitude was found [2].
The significance of this detection is larger than 5.2σ and the dipole direction is such that a
scenario in which the flux is dominated by a galactic component is disfavored [2].
The transition between the galactic and extragalctic components is still an open problem
of the high energy astrophysics. The Auger data show that the large scale distribution of the
cosmic ray arrival directions is compatible with an isotropic flux, in the energy range from
∼ 1018 eV up to the ankle [3]. This result is incompatible with a galactic origin of the light
component that seems to dominate the flux in this energy range [3]. Therefore, the transition
between these two components is expected to take place below 1018 eV.
Thus, the large scale arrival direction analyses done by Auger, combined with the com-
position information at lower energies, shows that the UHECR flux seems to be dominated
by the extragalactic component.
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It is believed that the intergalactic medium is filled with a turbulent magnetic field,
which affects the propagation of the charge extragalactic UHECRs through the Universe. In
particular, the effects produced on the propagation of charged nuclei are relevant to explain
the UHECR data (see Refs. [4, 5] for recent works).
The propagation of charged particles in a random magnetic field depends on the distance
traveled by the particles under the influence of the field compared with the scattering length
λSL = 3D/c, where D is the diffusion coefficient and c is the speed of light. For traveled dis-
tances much smaller than λSL, which in general corresponds to the region close to the source,
the propagation is ballistic. For traveled distances much larger than λSL, the propagation is
diffusive (see, for instance, Ref. [6]).
The propagation of the UHECRs in the presence of the intergalactic magnetic field can
be study from simulations [7] or through the appropriated transport equation that describes
this physical problem. In Ref. [8] a partial differential equation is obtained for the number
density of particles which is valid for the diffusive regime of propagation. This equation can
be solved analytically provided the diffusion coefficient for a given random magnetic field
model. A phenomenological extension of the solution found in Ref. [8] to the ballistic case is
proposed in Ref. [9].
On the other hand, in Ref. [10] a system of partial differential equations is obtained
applying the method of moments to the Boltzmann equation with an appropriated collision
term introduced to describe the propagation of cosmic rays generated in galactic sources, for
which the effects of the expansion of the Universe are negligible. In this case the equations
system is formed by two coupled partial differential equations for the number density of
particles and the flux. These equations take into account the ballistic and the diffusive regimes
of propagation and also the transition between both of them. Also, an analytic solution of
this equations system is found for the stationary case. In this work we find a system of
partial differential equations also for the number density of particles and the flux applying
the methods of moments to the Boltzmann equation, which includes both, the effects of the
intergalactic magnetic field and the expansion of the Universe. In this case, the starting point
is the Boltzmann equation in a curved space-time. We also solve numerically the equations
system for a simplified physical situation which shows that the equations found properly
describe the ballistic and the diffusive regime of propagation and also the transition between
them.
2 The transport equation and the method of moments
The propagation of the cosmic rays in the expanding Universe is described by the Boltzmann
equation in a curved space-time. The Friedmann-Lemaître-Robertson-Walker (FLRW) metric
for a spatially flat Universe is consider,
ds2 = −dt2 + a2(t)δijdx
idxj, (2.1)
where {x0, x1, x2, x3} are comoving coordinates with x0 = t, a(t) is the scale factor, and δij
is the Kronecker delta function with i, j = {1, 2, 3}. In Eq. (2.1) and in the rest of the article
the speed of light c = 1 is considered.
The geodesic equation is given by,
dPµ
dλ
+ ΓµνρP
νP ρ = 0, (2.2)
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where Pµ = dxµ/dλ is the four-momentum of the particle, λ is the affine parameter, and
Γµνρ are the Christoffel symbols. For the FLRW metric the non-null Christoffel symbols are:
Γ0ij = a(t)a˙(t)δij and Γ
i
0j = H(t)δ
i
j , where a˙(t) = da(t)/dt and H(t) = a˙(t)/a(t) is the Hubble
parameter. The geodesic equation for the spatial components of the four-momentum and for
the FLRW metric takes the following form,
dP i
dλ
+ 2H(t)P 0P i = 0. (2.3)
It is appropriated to work in the local inertial frame, which corresponds to an observer
placed at a point with xµ space-time coordinates [11]. It is worth mentioning that in this frame
the collision term of the Boltzmann equation takes the same form as in Special Relativity. The
tangent space associated to a given space-time point is spanned by a basis of four contravariant
vectors which are called the tetrad. The choice of the tetrad defines the reference frame in
that point. The natural tetrad is the one known as the coordinate tetrad, which corresponds
to the directional derivatives with respect to the coordinates. The tetrad corresponding to
the local inertial frame is the one in which the metric takes the form of the one corresponding
to the Minkovski space-time. Therefore, the four-momentum in the local inertial frame takes
the following form (see for instance Ref. [12]),
p0 = P 0
pi = a(t)P i
. (2.4)
Note that in the local inertial frame the relationship between the energy of a particle and the
momentum is E =
√
p2 +m2, where p =
√
(p1)2 + (p2)2 + (p3)2. For massless particles or
in the case where E ≫ m, E = p.
The equation fulfilled by the spatial components of the four-momentum in the local
inertial frame is obtained from Eqs. (2.3) and (2.4),
dpi
dλ
+H(t)p0pi = 0. (2.5)
where p0 = E.
The Boltzmann equation in a curved space-time is given by [11],
df
dλ
= C[f ] + S, (2.6)
where C[f ] is the collision term and S is a source term. Here the function f depends on the
space-time coordinates of a point and on the spatial coordinates of the four-momentum in
the local inertial frame, i.e. f ≡ f(t,x,p) where x = (x1, x2, x3) and p = (p1, p2, p3).
By using Eq. (2.5) the Boltzmann equation becomes,
∂f
∂t
+
pˆ
a
·∇xf −HE pˆ ·∇pf = C[f ] + S, (2.7)
where pˆ = p/p is a unit vector pointing in the direction of motion of the particles, ∇x =
(∂/∂x1, ∂/∂x2, ∂/∂x3), and ∇p = (∂/∂p
1, ∂/∂p2, ∂/∂p3).
The collision term considered is the one introduced in Ref. [10],
C[f ] =
∫
dΩ′ ω(t, E, pˆ′, pˆ)f(t,x, E pˆ′)−
∫
dΩ′ ω(t, E, pˆ, pˆ′)f(t,x, E pˆ), (2.8)
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where ω(t, E, pˆ1, pˆ2) is the scattering probability for a particle with initial direction of motion
pˆ1 and final direction of motion pˆ2 per unit of time. Note that it assumed that p = E pˆ,
which corresponds to the case where E ≫ m, a very good approximation for UHECRs.
The source term considered is the following,
S = s(t,p)δ(x − xs)Θ(t− tg), (2.9)
which corresponds to a point source placed at xs that started to emit cosmic rays at tg. Here
δ(x) is the delta Dirac function and Θ(t) is the Heaviside function.
The four-current in the local inertial frame is given by [12],
Na(t,x) =
∫
d3p
pa
E
f(t,x,p). (2.10)
Therefore, the number density of particles and the flux differential in energy are given by,
n(t,x, E) = E2
∫
dΩ f(t,x, E pˆ), (2.11)
J(t,x, E) = E2
∫
dΩ pˆf(t,x, E pˆ). (2.12)
Following Ref. [10], after applying the integral operators
∫
dΩ and
∫
dΩ pˆ to Eq. (2.7),
the equations for the number density of particles and the flux are obtained,
∂n
∂t
−
∂
∂E
(b n) + 3Hn+
1
a
∇ · J = q(t, E)δ(x − xs)Θ(t− tg), (2.13)
∂J i
∂t
−
∂
∂E
(b J i) + 3HJ i +
1
a
∂
∂xj
(
〈pˆipˆj〉n
)
+
J i
τ
= 0, (2.14)
where b(t, E) = H(t)E+bint(t, E), in which the term bint(t, E) is included to take into account
processes modeled as continuous energy losses of the particles. Here,
〈pˆipˆj〉(t,x, E) =
∫
dΩ pˆipˆjf(t,x, E pˆ)∫
dΩf(t,x, E pˆ)
, (2.15)
τ(t, E) =
[∫
dΩ(1− pˆ · pˆ′)ω(t, E, pˆ, pˆ′)
]−1
, (2.16)
where 〈pˆipˆj〉 is the isotrpization tensor. Note that these expressions are the same as the ones
obtained in Ref. [10]. The assumptions to obtain Eqs. (2.13), (2.14), (2.15), and (2.16) are:∫
dΩ pˆ = 0,
∫
dΩC[f ] = 0, the source term does not depends on pˆ, i.e. s(t,p) = sI(t, E)
which corresponds to a source emitting cosmic rays isotropically, and q(t, E) = 4pi sI(t, E).
In the diffusive regime the first three terms of Eq. (2.14) can be discarded and also since
〈pˆipˆj〉 = δij/3, an expression for the flux as a function of the number density of particles is
obtained,
J(t,x, E) = −
D(t, E)
a(t)
∇n(t,x, E), (2.17)
where D(t, E) = τ(t, E)/3 is the diffusion coefficient. Introducing Eq. (2.17) in Eq. (2.13)
the equation for the number density of particles of Ref. [8] is obtained.
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It is worth mentioning that, the equations system of Ref. [10] is obtained introducing
a(t) = 1 and bint(t, E) = 0 in equations (2.13) and (2.14). Note that the source term in
Eq. (2.13) is different than the one of Ref. [10] due to the different physical scenario considered
in this work.
Let us consider the case in which the cosmic ray source is at the origin of coordinates and
that there is spherical symmetry. Under these assumptions the number density of particles
and the flux depend only on the radial coordinate r = ||x|| and the flux has a non-null
component in the radial direction, rˆ = x/r, only. Also, following Ref. [10], it is assumed that
the isotropization tensor has the following shape,
〈pˆipˆj〉(t,x, E) = (1− φ(t, r, E))
δij
3
+ φ(t, r, E) rˆirˆj, (2.18)
where φ(t, r, E) is the isotropization function and rˆk = xk/r. In this work φ(t, r, E) =
exp(−r/D(t, E)) is considered [10].
The equations for the number density of particles and the radial component of the flux,
J , are given by,
∂n
∂t
−
∂
∂E
(b n) + 3Hn+
1
a r2
∂
∂t
(r2 J) = q
δ(r)
4pir2
Θ(t− tg), (2.19)
∂J
∂t
−
∂
∂E
(b J) + 3HJ +
(1 + 2φ)
3 a
∂n
∂r
+
1
a
(
2
3
∂φ
∂r
+
2
r
φ
)
n+
J
τ
= 0. (2.20)
In order to simplify the equations for n and J a change of the variable E to a new
variable E0 is performed. The new variable E0 is obtained by solving the following equation,
dE
dt
= −b(t, E), (2.21)
with the condition E(t0) = E0 where t0 is taken as the age of the Universe. In this way a
function E(t, E0, t0) is obtained, which corresponds to the energy that a particle has to have at
time t in order to be observed at time t0 with energy E0. This change of variable is such that
the partial derivative with respect to E0 does not appear in the equations for n and J . Note
that this change of variable is the same as the one that appears in the method of characteristics
used to solve systems of partial differential equations [14]. Therefore, introducing this change
of variable and considering the following functions,
g(t, r, E0) = 4pir
2 exp
[∫ t
tg
dt′
(
3H(t′)−
∂b
∂E
(t′, E(t′, E0, t0))
)]
n(t, r, E(t, E0, t0)),(2.22)
h(t, r, E0) = 4pir
2 exp
[∫ t
tg
dt′
(
3H(t′)−
∂b
∂E
(t′, E(t′, E0, t0))
)]
J(t, r, E(t, E0, t0)),(2.23)
a new equations system for g and h is obtained,
∂g
∂t
+
1
a
∂h
∂r
= exp
[∫ t
tg
dt′
(
3H −
∂b
∂E
)]
q δ(r)Θ(t − tg), (2.24)
∂h
∂t
+
(1 + 2φ)
3 a
∂g
∂r
+
2
3 a
(
φ− 1
r
+
∂φ
∂r
)
g +
h
τ
= 0. (2.25)
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Note that the energy variable E in the functions q, φ, and τ is replaced by the function
E(t, E0, t0). The functions g and h have to be given as function of the variable E and not E0.
After solving the Eqs. (2.24) and (2.25) the change of variables from E0 to E has to be done.
However, if the solutions are evaluated at time t0 the change of variable is not necessary, since
E(t0, E0, t0) = E0.
It is worth mentioning that the equations system obtained can be very useful in the
context of semi-analytical methods used to include the effects of the intergalactic magnetic
field in models of the UHECR flux like the ones developed in Refs. [4, 5, 15].
Furthermore, the equations system formed by the n(t, r, E) and J(t, r, E) functions can
be extended in order to include several nuclear species and also the photodisintegration and
photopion production processes undergone by the nuclei during propagation through the ra-
diation field present in the Universe. This extension, that will be discussed in a forthcoming
article, can be important for the development of models of the UHECR flux that include the
effects of the intergalactic magnetic field. Note that this type of formalism can reduce con-
siderably the computation time compared to the methods based on Monte Carlo simulations.
3 A simple example
Let us consider a simplified case in which a source emits ultrahigh energy protons isotropically,
which lose energy due to the adiabatic expansion of the Universe only (i.e. bint = 0) when
they propagate through the Universe. It is assumed that the Universe is filled with a random
magnetic field such that 〈B(x)〉 = 0. Therefore, in this case the propagation of the protons
is described by Eqs. (2.24) and (2.25). It is also assumed that the source emits cosmic rays
at a constant rate in comoving volume with a spectrum that follows a power law in energy,
q(t, E) = Q(E)/a3(t), where Q(E) = Q0E
−γ with Q0 a constant and γ the spectral index.
Since the particles propagate without interacting b(t, E) = H(t)E. Introducing this
expression in Eq. (2.21) and solving the differential equation with the corresponding condition,
the following expression for the energy as a function of time and E0 is obtained, E(t, E0, t0) =
E0/a(t), where since t0 is chosen as the age of the Universe it follows that a(t0) = 1.
The exponential factor on the right-hand side of Eq. (2.24) is given by,
exp
[∫ t
tg
dt′
(
3H(t′)−
∂b
∂E
(t′, E(t′, E0, t0))
)]
=
a2(t)
a2(tg)
, (3.1)
in which it is used that ∂b/∂E = H(t).
Rescaling the function g and h from Eqs. (2.24) and (2.25) such that ξ(t, r, E0) =
g(t, r, E0) a
2(tg)/Q(E0) and η(t, r, E0) = h(t, r, E0) a
2(tg)/Q(E0) the following equations are
obtained,
∂ξ
∂t
+
1
a
∂η
∂r
= aγ−1(t) δ(r)Θ(t − tg), (3.2)
∂η
∂t
+
(1 + 2φ)
3a
∂ξ
∂r
+
2
3a
(
φ− 1
r
+
∂φ
∂r
)
ξ +
η
τ
= 0. (3.3)
Note that for t = t0 these two function are related to n and J through the following expres-
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sions,
ξ(t0, r, E0) =
4pir2
Q(E0)
n(t0, r, E0), (3.4)
η(t0, r, E0) =
4pir2
Q(E0)
J(t0, r, E0). (3.5)
where ξ is the enhancement factor introduced in Ref. [4].
In the general case Eqs. (3.2) and (3.3) cannot be solved analytically (an analytic solution
can be found for the ballistic regime where φ = 1, see Appendix A). Therefore, the equations
system is solved numerically by using the finite differences method [16].
The diffusion coefficient used in the numerical calculation is taken from Ref. [6], which
is given by,
D(E) =
lc
3
[
4
(
E
Ec
)2
+ 0.9
(
E
Ec
)
+ 0.23
(
E
Ec
)1/3]
, (3.6)
where lc is the coherent length of the random magnetic field. Here Ec = ZeB lc, where
Z is the charge number of the nucleus, e is the absolute value of the electron charge, and
B =
√
〈B2(x)〉 is the root mean square of the random magnetic field. This expression
corresponds to the type of turbulence given by the Kolmogorov spectrum.
The scale factor and the Hubble parameter considered for the calculation are given by
[13],
a(t) =
(
Ωm
ΩΛ
)1/3
sinh2/3
(
2
3
√
ΩΛH0t
)
, (3.7)
H(t) = H0
√
Ωm
a3(t)
+ ΩΛ, (3.8)
where H0 = 70 km s
−1 Mpc−1 is the Hubble constant, Ωm = 0.3 and ΩΛ = 0.7 are the density
parameters for matter and dark energy, respectively.
In order to solve numerically Eqs. (3.2) and (3.3) the Dirac delta function in Eq. (3.2)
is replaced by a step function,
δ˜(r) =
{ 1
λ
0 ≤ r ≤ λ
0 r > λ
, (3.9)
where λ = 0.3 Mpc is the width of the step.
Figure 1 shows ξ(t0, r, E0) and η(t0, r, E0) as a function of r for γ = 2, tg corresponding
to redshift z = 0.2, B = 10 nG, lc = 0.5 Mpc, and for different values of E0. At E0 = 10
18
eV the propagation is done mainly in the diffusive regime since τ ranges from 0.32 Mpc at
t = tg to 0.26 Mpc at t = t0. The diffusive character of the propagation can be seen at the
upper panels of the figure. As the energy increases τ also increases in such a way that at
E0 = 10
20.5 eV, it ranges from 13500 Mpc at t = tg to 9380 Mpc at t = t0. Therefore, for
increasing values of the energy τ → ∞ and φ → 1. These limit values correspond to the
ballistic propagation regime. As can be seen from the figure, for increasing values of energy
ξ(t0, r, E0) and η(t0, r, E0) tend to the solution found for the ballistic regime of propagation
which is studied in detail in Appendix A. This is clearly seen from the bottom panels of the
figure where both ξ and η increase quickly from r = 0 to r = λ and then for r > λ tend to
one for distances relatively close to r = 0.
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Figure 1. ξ(t0, r, E0) and η(t0, r, E0) for protons as a function of the comoving distance r for
log(E0/eV) = 18, 18.25, 18.5, 18.75, and 19 (top panels) and for log(E0/eV) = 19.25, 19.5, 19.75, 20
and 20.5 (bottom panels). The paremeters consider in the calculations are: z = 0.2, γ = 2, B = 10
nG, and lc = 0.5 Mpc.
4 Conclusions
The effects of the turbulent intergalactic magnetic field on the propagation of the ultrahigh
energy cosmic rays can play a very important role to explain current experimental data.
Motivated by this fact, we have studied the propagation of the ultrahigh energy cosmic rays
in presence of the turbulent intergalactic magnetic field, considering the Boltzmann equation
in a curved space-time, to take into account the expansion of the Universe. Considering the
moments of the distribution we have obtained a system of partial differential equations for
the number density of particles and for the flux that take into account the ballistic and the
diffusive regimes of propagation as well as the transition between them. We have found that
in both, the diffusive and ballistic limits, the known solutions are recovered. Finally, we have
solved numerically the equations system for a simplified case in which it can be clearly seen
the transition from the diffusive to the ballistic regimes of propagation as the energy measured
at a given comoving distance from the source increases.
It is worth mentioning that the equations system found can be extended in order to
include the propagation of different nuclear species with their respective interactions (photo-
disintegration and photopion production) in the radiation field present in the Universe. This
can be used for the development of models of the ultrahigh energy cosmic ray flux that include
the effect of the intergalactic magnetic field.
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A Analytic solution for the ballistic regime of propagation
In the ballistic regime φ(t, r, E) ∼= 1 and τ(t, E)→∞, then Eqs. (3.2) and (3.3) become,
∂ξ
∂t
+
1
a
∂η
∂r
= aγ−1(t) d(r)Θ(t − tg), (A.1)
∂η
∂t
+
1
a
∂ξ
∂r
= 0, (A.2)
where d(r) corresponds to the radial distribution of the source, for a point source d(r) = δ(r)
and for the numerical case analyzed in Sec. 3 d(r) = δ˜(r). Eqs. (A.1) and (A.2) can be solved
by using the method of characteristics [14]. The solution is such that ξ(t0, r, E0) = η(t0, r, E0),
where
ξ(t0, r, E0) =
∫ t0
tg
dt′ aγ−1(t′) d
(
r −
∫ t0
t′
dt′′
a(t′′)
)
. (A.3)
For d(r) = δ(r) the integral in Eq. (A.3) can be performed and the following expression
is obtained,
ξδ(t0, r, E0) = a
γ
(
r˜ -1(r˜0 − r)
)
Θ(r˜0 − r), (A.4)
where,
r˜(t) =
∫ t
tg
dt′′
a(t′′)
, (A.5)
is the comoving distance traveled by a massless particle that is injected at r = 0 at time tg,
r˜ -1(x) is the inverse function of r˜(t), and r˜0 = r˜(t0). Note that for r ≪ r˜0 it follows that
ξδ(t0, r, E0) ∼= Θ(r˜0 − r).
For d(r) = δ˜(r) the integral in Eq. (A.3) can be rewritten in the following way,
ξ
δ˜
(t0, r, E0) =
1
λ
×

∫ r˜0
r˜0−r
du aγ
(
r˜ -1(u)
)
0 ≤ r ≤ λ
∫ r˜0−r+λ
r˜0−r
du aγ
(
r˜ -1(u)
)
λ < r ≤ r˜0
∫ r˜0−r+λ
0
du aγ
(
r˜ -1(u)
)
r˜0 < r ≤ r˜0 + λ
0 r > r˜0 + λ
. (A.6)
Figure 2 shows ξ
δ˜
(t0, r, E0) as a function of r for the same parameters used in the full
numerical calculation of Sec. 3, i.e. z = 0.2, γ = 2, and λ = 0.3 Mpc. From the top panel
of the figure it can be seen that ξ
δ˜
increases quickly from r = 0 to r = λ, it decreases slowly
from r = λ to r = r˜0, and decreases very quickly from r = r˜0 to r = r˜0 + λ. The decrease of
ξ
δ˜
for r > λ is due to the fact that the protons that reach larger values of r with energy E0
at time t0 have to be injected by the source with larger energies, due to the adiabatic energy
loss undergone by them during propagation. The more energetic particles are less numerous
due to the decrease of the energy spectrum with energy. From the bottom panel of the figure
it can be seen in detail the fast increase of ξ
δ˜
in the interval [0, λ]. It can also be seen that for
r ≪ r˜0 and r > λ it following that ξδ˜
∼= 1, which results the same as for the delta the Dirac
function case.
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Figure 2. ξ
δ˜
(t0, r, E0) as a function of r for protons. The left panel shows the region near the source
in more detail. The spectral index and the redshift used in the calculation are γ = 2 and z = 0.2,
respectively.
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